Two-generated ideals in non-Noetherian semigroup rings  by Okon, J.S. et al.
3 
JOURNAL OF 
PURE AND 
APPLIED ALGEBRA 
ELS~~IER Journal of Pure and Applied Algebra 111 (1996) 255-276 
Two-generated ideals in non-Noetherian semigroup rings 
.T. S. Okon”, David E. Rushb,*, Paul Vicknair” 
“Mathematics Department, California State University, San Bernardino. CA 92407, USA 
blJniversity of California, Riverside, CA 92521. USA 
Communicated byCA. Weibel; received 11 October 1994; revised 20 June 1995 
Abstract 
We determine when a semigroup ring R [S] has the 2-generator property for large classes of 
commutative cancellative semigroups S and commutative rings R. We also give a structure 
theorem for certain torsion-free modules over these semigroup rings. 
1. Introduction 
An ideal Z of a ring R is said to be n-generated if it can be generated by 
n-elements, and R is said to have the n-generator property if each finitely 
generated ideal of R can be generated by n elements. If RP has the n-generator 
property for each maximal ideal P of R then R is said to locally have the n-generator 
property. The commutative semigroup rings with these properties for various n 
have been considered by several authors, especially for S cancellative and R[S] 
Noetherian. For possibly noncancellative monoids, the Noetherian monoid 
rings R[S] with the l-generator property were only recently determined in [a]. 
For cancellative semigroups considerably more is known. We will be concerned 
only with cancellative monoids, and all subsequent discussion refers to these. 
The commutative monoid rings with the locally l-generator property, both for 
Noetherian and non-Noetherian rings, were characterized in [5]. The 2-generator 
property is of special interest because of its relationship to the problem of when 
finitely generated torsion-free modules are isomorphic to a direct sums of ideals. 
(For example see [14, 151 and the references listed there.) The Noetherian semigroup 
rings with the 2-generator property were determined in [ 12,131, and the n-generator 
property for torsion-free semigroups was considered in [l, 99111. In this note 
we determine when a commutative semigroup ring R[S] has the 2-generator 
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property for a large class of semigroup rings. (See Theorems 3.3,3.8,4.2 and 4.3.) We 
also show that if the coefficient ring R is quasi-semi-local, and R[S] is one of the 
semigroup rings with the 2-generator property considered in this paper, then certain 
torsion-free R [S]-modules decompose into direct sums of rank one modules. 
We now describe the results of this paper in more detail. We consider only the case 
that S is an abelian cancellative monoid which is not a torsion group. In the next 
section we collect several results related to the 2-generator property that will be 
needed. Where no new difficulties arise, we give the results in this section for the 
n-generator property. In Section 3 we determine when a semigroup ring R [S] has the 
a-generator property in the case that S contains the torsion subgroup t(G(S)) of the 
quotient group G(S) of S. We consider the remaining case t(G(S)) $ S in Section 4. In 
this case we determine when the semigroup ring R[S] has the 2-generator property 
under the additional conditions that either 2 is a nonunit of R, or the 2-primary 
component of R is finite. We add a few remarks about these conditions in Section 5. In 
the final section we show that for the monoids considered in this paper, if R has only 
finitely many maximal ideals, R[S] has the 2-generator property and A is a finitely 
generated torsion-free R[S]-module such that A ORCsl T is a free T-module, where 
T is the total quotient ring of R[S], then there is a unique sequence of overrings 
R[S] G R, E R2 c ... E R, of R[S] and an invertible ideal I of R, such that 
AsRR,@R,@ ... @R,_,@I. 
2. Preliminary results 
We denote the integers and rationals by Z, Q respectively, and their subsets of 
nonnegative lements by 2 + and Q + respectively. If G is a torsion abelian group, the 
p-primary component, or p-component, {x E G 1 p”x = 0 for some n 2 l} is denoted by 
G,. The support Supp(G) of a torsion group G is the set of primes p such that G, # (0). 
We say that an abelian group G is reduced if it has no divisible subgroups, and we say 
that it is mixed if it is neither torsion-free nor a torsion group. All monoids that we 
consider are commutative, cancellative, and are written additively. We denote the 
quotient group of such a monoid S by G(S). The set of invertible elements of S will be 
denoted by U(S) and the torsion subgroup of a group G will be denoted t(G). The 
elements of R[S] will be written as in [3]; that is a typical element of R[S] will be 
denoted rlXsl + ... + r”X’n, where ri E R and SiE S. The support of an element 
f~ R [S] is {si E S 1 Yi # O}. A ring with the l-generator property is called a Bezout ring. 
A ring is said to be arithmetical if it locally has the l-generator property. 
We begin by stating a couple of results which imply that if S is a monoid which is 
not a torsion group, then in order for R[S] to have the n-generator property for some 
n, R must be locally Artinian, and R[S] can have dimension at most one. The first of 
these is from [l], and the next is an immediate consequence of it and [ll]. In the 
following result and elsewhere X will denote an indeterminate. 
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Theorem 2.1 (Arnold and Matsuda Cl]). Let G be a nonzero subgroup of Q and 
GO = GnQ,. Zf one of the rings R[G], RIGo], R[X] has the n-generator property, the 
other two do also. 
Theorem 2.2. Let R be a ring and let S be a cancellative abelian monoid with 
t(G(S)) # G(S). ZfR[S] has the n-generator property then G(S)/t(G(S)) is isomorphic to 
an additive subgroup of Q, and RY is Artinian with length,JMR,) < n for each 
maximal ideal M of R. 
Proof. That G(S)/t(G(S)) is isomorphic to an additive subgroup of Q follows from [l, 
Corollary 121, and the fact that R [G(S)/t(G(S))] has the n-generator property if R [S] 
does. The rest follows from the above theorem and [ll, Theorems 7 and 121. 0 
The above two results show that for studying the n-generator property in semi- 
group rings R[S] where S is not a torsion group, we may restrict ourselves to the case 
dim(R[S]) = 1. The following very special case of Heitmann’s generalization of the 
Forster-Swan Theorem will be of use [6, Corollary 2.91. 
Lemma 2.3 (Heitmann [6]). Let R be a ring and let N be afinitely presented R-module. 
Then N is n-generated for n = max{dim(R/P) + p(Rr, NP) 1 P~spec(R)}, where 
,u(Rr, Nr) denotes the number of elements in a minimal generating setfor the Rr-module 
NP. 
Recall that a ring R is said to be coherent if each finitely generated ideal of R is 
finitely presented, and stably coherent if each polynomial ring over R is coherent. It 
was shown in [16] that R is stably coherent if either R has weak dimension I 1, or 
global dimension I 2. A characterization of when a commutative group ring is 
coherent is given in [4, Theorem 8.2.41. In particular if G is a torsion group, the group 
ring R[G] is coherent if and only if R is coherent; and if 0 < rank(G) = n < 00, then 
R[G] is coherent if and only if the polynomial ring RIX1, . . . ,X.] is coherent. The 
following complement o these results will be useful later. 
Lemma 2.4. Zf S is a jnitely generated monoid and R is stably coherent then R[S] is 
stably coherent. 
Proof. By [3, Theorem 7.1 l] R [S] is isomorphic to R [XI, . . . , XJZ for some finitely 
generated ideal I and indeterminates Xi, . . . , X,. If Y is a set of indeterminates then 
RIX1, . . . , X,] [Y] is coherent by hypothesis. Thus R[S] [Y] E R([X, , . . . , XJZ) 
[Y] % RIX1, . . . ,X,][Y]/ZR[X,, . . . ,X,][Y] is coherent by [4, Theorem 
2.4.11. I-J 
Lemma 2.5. Zf R[G] has the n-generator property with G a mixed group, then G, is 
reduced for each p ~Supp(t(G)) which is a nonunit of R. 
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Proof. Let M be a maximal ideal of R with p E M. If Z(p”) E G, then G = Z(pm) 0 H 
for some subgroup H of G. Writing R[G] = R[Z( p”)] [H] and then passing to 
homomorphic images and localization we see that R[Z(p”)] [H/t(H)] and 
RM [(Z( p”)] [H/t(H)] both have the n-generator property. Hence RM [Z( pm)] [X] 
has the n-generator property by Theorems 2.2 and 2.1. But this is a contradiction since 
then R,[Z(p”)] must be Noetherian by Theorem 2.2. 0 
The following lemma allows us in certain cases to reduce the question of when 
a group ring R[G] has the n-generator property to the case that G is finitely generated. 
Lemma 2.6. Let (R, M) be a quasi-local ring with R/M of characteristic p > 0. Suppose 
G is an abelian p-group. The following are equivalent: 
(i) R[G] has the n-generator property. 
(ii) R[H] has the n-generator property for each subgroup H of G. 
(iii) R[H] has the n-generator property for eachjinitely generated subgroup H of G. 
Proof. (i) 3 (ii): If R [G] has the n-generator property and H is a subgroup of G, then 
choose a set of representatives {x1 (1 E A} of the cosets of H in G with the coset 
H represented by x1, = e, the identity of G. We have R[G] = R[H] 0 B, as R[H]- 
modules, for B = @Iicn _ il0jj R [H] Xx”. Now if al, a,, . . . , a,, 1 E R[H], then since 
R[G] is quasi-local and has the n-generator property, some ai can be written as an 
R [G] linear combination of the others. Say a, + 1 = Cl= 1 aibi, bi E R [G]. Writing the 
bi in terms of the X”A and equating coefficients we see that a,,+ 1EC:= 1 R [H]ai. 
The implication (ii) *(iii) is clear, and for (iii) a(i) let I be a finitely generated ideal 
of R[G]. Since each of the finitely many generators of I involve only finitely many 
elements of G, we see that for some finitely generated subgroup H of G and some 
finitely generated ideal J of R[H] we have I = JR[G]. But then J is an n-generated 
ideal of R[H] by hypothesis, and thus I is an n-generated ideal of R[G]. 17 
We record for later reference the following simple result which will be used many 
times. 
Lemma 2.7. Let S be a monoid with quotient group G(S) = G1 0 K, where K, G1 are 
subgroups of G(S). Zf K 5 S then S = (SnG1) 0 K. 
3. The case that t(G(S)) c S 
In this section we consider the case that G(S) is not a torsion group and t(G(S)) c S. 
For simplicity we consider separately the case that the semigroup S is a group. For 
this case we first recast into a form that is more useful for our purposes a result of [l] 
which gives the result when S is torsion-free. 
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Theorem 3.1 (Arnold and Matsuda [ 11). Let R be a commutative ring with nilradical 
N, and let T be a torsion-free abelian group. Then the following are equivalent. 
(i) R[T] has the 2-generator property. 
(ii) T is isomorphic to an additive subgroup of Q and R[X] has the 2-generator 
property. 
(iii) T is isomorphic to an additive subgroup of Q, R is Bezout, has dimension zero, and 
N’=O. 
Proof. The equivalence (i) o (ii) follows from Theorems 2.1 and 2.2. The equivalence 
(ii) o (iii) follows since by [ll, Theorem 191 or [l, Corollary 91, R[X] has the 
2-generator property if and only if R is Bezout, has dimension zero, and N2 = 0. 0 
Before we determine when a group ring R[G] has the 2-generator property where 
G is a nontorsion abelian group, we point out in the following lemma that the 
coefficient rings in Theorem 3.1 are locally Noetherian. This will be used in Corollary 
4.9, which is needed in Theorem 6.1. 
Lemma 3.2. If (R, M) is zero-dimensional, Bezout with M2 = 0, then R is Noetherian, 
and thus a principal ideal ring with one nonzero ideal. 
Proof. Let a be a nonzero element of M. If aR # M, then there exists an element 
bE M\aR. Since we are in a chained ring, aR is a proper subset of bR. So a = bc for 
some nonunit c. But the product of any two nonunits is 0, a contradiction. 0 
Theorem 3.3. Let R be a commutative ring with nilradical N. Suppose G is an abelian 
group with H = t(G) # G. Then the following are equivalent: 
(i) R[G] has the 2-generator property. 
(ii) R[G/H] has the 2-generator property and R[H] is a (zero-dimensional) Bezout 
ring with (nil(R[H]))’ = 0. 
(iii) G/H is isomorphic to an additive subgroup of Q, R is zero-dimensional, Bezout 
with N2 = 0 and if H, # 0 for p = char(R/M) f or some maximal ideal M of R then 
p = 2, Hz = ZjZZ, and RM is afield. 
Proof. For (ii) o (iii) we first observe that a zero-dimensional arithmetical ring B is 
Bezout; the converse being obvious. Indeed let I be a finitely generated ideal of B, and 
let J denote the nilradical of B. Then I/Jr is locally generated by 1 element over the 
absolutely flat ring B/J. Thus by [17, Theorem 2.11 Z/JI is generated by 1 element over 
B/J, and therefore by Nakayama’s Lemma, I is principal. 
Now observe that by Theorem 3.1 the 2-generator property of R[G/H] is equiva- 
lent to the properties: G/H is isomorphic to a subgroup of Q, and R is zero- 
dimensional and Bezout with N2 = 0. By [S, Theorem 3.61 R[H] is arithmetical if and 
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only if for each prime integer p which is a nonunit of R, G, is cyclic or quasi-cyclic, and 
Rw is a field for each maximal ideal M containing p. But then (nil(R[H]))2 = 0 is 
equivalent o the fact that if p is such a prime then p = 2 and H2 = Z/22. 
(ii) =F- (i): If G/H is finitely generated, G E (G/H) 0 H, R[G] z R[H] [G/H], and we 
may apply Theorem 3.1. If not, then since G/H is a directed union of finitely generated 
subgroups, G is a directed union of a family {GA 12 E A} of subgroups of G, each 
containing H, such that G,/ H is finitely generated for each il. Then R[Gn] has the 
2-generator property for each 1, and thus R[G] has the 2-generator property also. 
(i) *(iii): Since R[G/H] is a homomorphic image of R[G] it has the 2-generator 
property, and thus by Theorem 3.1 we get that G/H is isomorphic to an additive 
subgroup of Q, R is Bezout, zero-dimensional with N2 = 0. Let p~Supp(H) with 
p = char(R/M) for some maximal ideal M of R and let F = R/M. Let W be the 
subgroup of G generated by a nontorsion element of G. Then H c G/W, and F[G/W] 
has the 2-generator property. Since G/W is torsion group, G/W = (G/W), 0 K for 
some subgroup K of G/W. Thus F[(G/W),] has the 2-generator property, and by 
Lemma 2.6 R[L] has the a-generator property for each finitely generated subgroup 
L of (G/W),,. By [13, Proposition 4.33 we get that if p # 2 then each finitely generated 
subgroup of (G/W), is cyclic. Since H E G/W, each finitely generated subgroup of 
H, is cyclic. Thus either H, is cyclic or H, = Z( p”); and H, # Z( p”) by Lemma 2.5. If 
p = 2 we similarly get by [13, Proposition 4.33 that H2 E Z/22 0 Z/2jZ for some 
j 2 0. In any case we get that H, is a finite pure subgroup of G. Thus by [7, Theorem 
71, G = H, 0 L for some subgroup L of G. Thus Rw[G] = R,[Hr] [L], and hence 
R,[HJ [L/t(L)] has the 2-generator property. By Theorem 3.1, this forces R,[Hr] 
to be Bezout with dimension zero and (nil(R,[H,]))2 = 0. Condition (iii) follows. 0 
Corollary 3.4. Let R be a commutative quasi-semi-local ring, and let G be an abelian 
group with H = t(G) # G. Then R[G] has the 2-generator property ifand only ifR[A] 
is Noetherian with the 2-generator property for each finitely generated nontorsion 
subgroup A of G. 
Proof. This is immediate from Theorem 2.2 and (i) o (iii) of Theorem 3.3. 0 
Corollary 3.5. Let R be a commutative ring, and let G # (0) be a mixed abelian group 
with t(G) = H. The following are equivalent. 
(i) R[G] has the 2-generator property and is reduced. 
(ii) R[G/H] has the 2-generator property and R[H] is regular. 
(iii) R[G] has the 2-generator property, R is regular, and 2 is a unit of R if 
2 E Supp(H) 
(iv) GjH is isomorphic to an additive subgroup of Q, R is regular, and each 
p~Supp(H) is a unit of R. 
(v) R[G] is arithmetical. 
(vi) R[G] is Bezout. 
(vii) R [G] is semihereditary. 
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Proof. That (i) * (ii) follows since the homomorphic image R [G/H] inherits the 
2-generator property from R[G], and the subring R[H] is zero-dimensional, and is 
reduced if R[G] is. The implication (ii) -(i) follows from Theorem 3.3, as does 
(i) o (iii) and (i) o (iv). 
The equivalences (iv) o (v) and (iv) e (vii) follow by [S, Theorem 3.61 
and [S, Corollary 3.71. That (v) and (vi) are equivalent follows from [3, Theorem 
19.71 0 
In order to determine when a semigroup ring R[S] has the 2-generator 
property where S # G(S) we again first recast into a form that is more useful for our 
purposes a result of [l] which gives the result for S torsion-free. Before doing so 
however we discuss briefly the notion of the order of a submonoid of Q + as defined in 
Cl, 101. 
If S is a numerical semigroup, that is an additive submonoid of 2 such 
that G(S) = Z, then the smallest positive integer m in S is an important invariant 
of S. It is sometimes called the multiplicity of S since if k is a field and if we identify 
k[S] with a subring of the polynomial ring k[X] in the natural way, then m is 
the multiplicity of the local ring k[S] ~kCSlnXkCX1~ [lS]. This is relevant to the n- 
generator property since for example it is well known that a one-dimensional local 
domain R has the n-generator property if and only if R has multiplicity not greater 
than n. 
If we have a nonzero submonoid S of Q+ , then for each positive integer 
k, Sk = ZinS is a finitely generated submonoid of Z$ with quotient 
group G(S,) = Zz E Z for some positive integer a. In particular G(S,) = Za 
for some positive integer a. Then each of the submonoids Sk has a multiplicity, 
which we denote by o(Sk). We then define o(S) = sup(o(Sk)l k 2 l}. It follows 
that if o(S) < co, then for any kEZ + there is a multiple jk of k such that 
O(Sjk) = O(S). 
We now state a result of Arnold and Matsuda before giving our version of it in the 
case n = 2. 
Theorem 3.6 (Arnold and Matsuda [l, Theorem 8 and Corollary 121). Let R be 
a commutative ring with nilradical N, and let T be a cancellative torsion-free monoid 
which is not a group. Then R[T] has the n-generator property tf and only if T is 
isomorphic to a submonoid of Q+ with o(T) = k < 00, dim(R) = 0, and the following 
equivalent conditions hold: 
(0 If (a,, . . . , a,> s N where (m + 1)k > n, there is a decomposition of R as 
R=Re,@ ... QRe,, such that for each jE{l, . . . ,h} either alej=O or 
aiC?jE(alej, . . . , ai _ lej) for some i 2 2. 
(ii) For each finitely generated ideal I E N there is a decomposition of R as 
R = ReI @ ... @ Re,, such that (y(Zej) + 1)k 5 n for each je(l, . . . ,h}, where 
v(Z) = c .u(z’/zj+ ‘) and 
generate’the R-module A. 
u(A) denotes the minimal number of elements required to 
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In the case of n = 2 this translates into the following: 
Theorem 3.7 (Arnold and Matsuda [ 11). Let R be commutative ring with nilradical N, 
and let T be a concellative torsion-free monoid which is not a group. Then the following 
are equivalent. 
(i) R [ T] has the 2-generator property. 
(ii) T is isomorphic to a submonoid of Q+ and either 
(a) o(T) = 2 and R is a regular ring, or 
(b) o(T) = 1, R is Bezout, zero-dimensional, and N2 = 0. 
Proof. (i) * (ii): By [lo, Theorem 71 T is isomorphic to a submonoid of Q+ of order 
1 or 2. If o(T) = 2 then by Theorem 3.6 dim(R) = 0 and for any aE N there is 
a decomposition of R as R = ReI @ ... @ Ret, such that aei = 0 for each i. Thus 
N = 0, and therefore R is regular. Assume o(T) = 1 and let Z E N be a finitely 
generated ideal of R. Then by Theorem 3.6 there is a decomposition of R as 
R = Ret 0 ... @Ret, such that (v(Zej) + 1) I 2 for eachj, where v(Z) = &~(Zj/Zj”). 
Thus Z is principal and I2 = 0. The implication (ii)*(i) follows similarly from 
Theorem 3.6. Indeed both (ii)(a) and (ii)(b) imply trivially that for any finitely 
generated ideal Z 5. N there is a “decomposition” R = ReI with (v(Zel) + 1) I 2. 0 
Now we determine when a semigroup ring R[S] has the 2-generator property 
where S # G(S) and the torsion subgroup of G(S) is contained in S. 
Theorem 3.8. Let R be a commutative ring with nilradical N, let S be a cancellative 
monoid with quotient group G(S) # S, and assume G(S) is a mixed abelian group with 
t(G) = H. Zf H E S then R[S] has the 2-generator property if and only if one of the 
following holds: 
(i) S/H is isomorphic to a submonoid of Q+ of order one, R is Bezout of dimension 
zero, N2 = 0, and if H,, # 0 with char (R/M) = p f or some maximal ideal M of R then 
p = 2, HP = Z/22, and RM is aheld. 
(ii) S/H is isomorphic to a submonoid of Q+ of order 2, R is regular and each 
p~Supp(H) is a unit of R. 
Proof. ( s=) If S/H is finitely generated, S z (S/H) 0 H, R[S] z R[H] [S/H] by 
Lemma 2.7, and we may apply Theorem 3.7. If not then first assume o(S/H) = 1. Then 
since S/H is a directed union of finitely generated submonoids, S is a directed union of 
a family {S, 1 AEA} of submonoids of S, each containing H, such that SJH E Z+. 
Then R [S,] has the 2-generator property for each 1 by the above case, and thus R [S] 
has the 2-generator property also. If o(S/H) = 2, then let S, = (S/H)nZb for each k. 
Then S/H = U,:, S, and o(S,J I 2 for each k. If o(S,J = 2, then S, is isomorphic to 
a submonoid of Z, which contains 2. Thus taking preimages in S we see that S is 
a directed union of a family {S, ) ke Z,} of submonoids of S, each containing H, such 
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that Sk/H 2 Z+ or Sk/H is isomorphic to a submonoid of Z, containing 2. Then 
R[&] has the 2-generator property for each k, and thus R[S] has the 2-generator 
property also. 
( *) Assume that R[S] has the 2-generator property. Then R[S/H] has the 
a-generator property and thus by Theorem 3.7 S/H is isomorphic to a 
submonoid of Q+ of order 1 or 2. If o(S/H) = 1, then since R[G(S)] has the 
2-generator property, (i) holds by Theorem 3.3. If o(S/H) = 2 we get by Theorem 3.7 
that R is regular. Also by Theorem 3.3 we have each p > 2 in Supp(H) is a unit 
in R. Suppose 2~Supp(H) with 2 a nonunit of R. From Theorem 3.3 
Hz = Z/22, S = Hz 0 T and R[Hz] [T/t(T)] = R[HJ [S/t(S)] has the 2-generator 
property. Since o(S/t(S)) = 2, R[HJ must be regular by Theorem 3.7, contradicting 
HZ#O. 0 
The following alternate characterizations are immediate from Theorems 3.7 and 
3.8. 
Corollary 3.9. Let R be a commutative ring and let S be a monoid with G(S) a mixed 
group and S # G(S). Assume H = t(G(S)) c S. Then R[S] has the 2-generator property 
if and only if one of the following holds: 
(i) S/H is isomorphic to a submonoid of Q+ of order 1 and R[H] is O-dimensional 
Bezout with (nil(R[H]))’ = 0. 
(ii) S/H is isomorphic to a submonoid of Q+ of order 2 and R[H] is regular. 
Corollary 3.10. Let R be a commutative quasi-semi-local ring, and let S be a monoid with 
G(S) a mixed group and S # G(S). Assume H = t(G(S)) s S. Then R[S] has the 
2-generator property if and only if there is a family {S, 11 E A} of submonoids of S such 
that R[SJ is Noetherian with the 2-generator property for each 1 E A. 
Proof. The proof of Theorem 3.8 shows that R[S] is a direct limit of rings 
R [H] [SJ = R [S, 0 H] where Sh is a certain finitely generated submonoid of Z such 
that R[S,, @ H] has the 2-generator property for each h 2 0. Further, Theorem 3.8 
then shows that R[S,, @ K] has the 2-generator property for each finite subgroup 
K of H. q 
Corollary 3.11. Let R be a commutative ring, let S be a cancellative abelian monoid 
which is not a group, and let H = t(G(S)). The following are equivalent: 
(i) R[S] has the 2-generator property, and is integrally closed. 
(ii) H z S, S/H is isomorphic to a submonoid of Q+ of order one, and R[H] is 
regular. 
(iii) R [S] is semihereditary. 
(iv) R[S] is arithmetical. 
(v) R[S] is Bezout. 
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Proof. That (i) *(ii) follows from Theorem 3.8, and the equivalences (ii) o (iii), 
(ii) o (iv) and (ii) o (v) follow by [S, Corollary 3.73, [S, Theorem 3.61 and [3, 
Theorem 19.71 respectively. That (v) a(i) is clear. 0 
4. The case t(G(S)) $Z S 
In this section we consider the case that S is a cancellative monoid where the 
quotient group G(S) # S and the torsion subgroup H of G(S) is not contained in S. 
For such an S we determine in Theorem 4.2 when R [S] has the 2-generator property if 
2 is a nonunit of R. If 2 is a unit of R, we are only able to determine when the monoid 
ring R[S] has the 2-generator property under certain further conditions on S. 
If R[S] has the 2-generator property, we have an embedding G(S)/H c Q by 
Theorem 2.2. Let $J : G(S) + G(S)/H = T be the canonical map. Since G(&S)) = T we 
may assume that 4(S) = T or 4(S) c T, = TnQ+ [3, Theorem 2.61. By the follow- 
ing lemma we are reduced to considering the case that 4(S) c Q+ and H # (0). 
Lemma 4.1. Let S be an abelian monoid, let H = t(G(S)) and let C#J : G(S) --+ G(S)/H = T 
be the canonical map. Assume further that T is isomorphic to a subgroup of Q and 
4(S) = T. Then H E S. 
Proof. Since T is a directed union of a family { T1) LEA} of finitely generated 
subgroups, S is a directed union of the family (S, = c$-‘(TJ~S 1 A E A} of submonoids 
of S such that 4 Is1 is onto for each 1 E A. Thus we may assume 7’ is finitely generated. 
Then T z Z and thus the sequence of abelian groups 0 -+ H + G(S)& Z + 0 splits. 
It then follows that S is a directed union of a family {S, I LEA} of finitely generated 
submonoids uch that 4 lsn is onto for each ;1 E A. Thus we may assume that S is finitely 
generated. Then His finitely generated since G(S) is, and thus His finite. Therefore we 
may assume S c Z @ H, where His a finite group and 4 is the projection Z @ H -+ Z. 
Assume H = Z/rZ @ B has order d. Sincef(S) = Z, (1, K, k,), (- 1, &‘, k;?)eS for 
somehiEZ,kiEB.Thend(l,j;T,k,)=(d,O,O)ES,andd(-l,~,kz)=(-d,O,O)ES. 
Since (0, i, 0) E G(S), we have (m, n, b) E S and (m, ?i, b) E S for some m, n E Z, b E B, 
and we may assume 0 I m < d. Let t = d + 1 - m. Then adding t(1, q;, k,) - (d, 0,O) 
to (m, m, b) and to (m, ii, b), we get 
(1, th, + n, tk, + b) = (1, nl+l, b,)ES 
and 
(1, ?& + ri, tk, + b) = (1, <, bl)ES 
for some n, EZ+ and bI EB. Then 
(l,nl+l, b,) + (d - l)(l,i;;, b,) = (d, ~,O)ES. 
Thus (0, i, 0)~s. But this implies H G S. IJ 
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Observe that in the case 4(S) E Q+, R[S] is graded by the elements of 4(S). Thus 
the homogeneous elements of degree t are sums of elements of the form TX’, r E R and 
CI ES with 4(a) = t E Q+. We denote the image in Z/nZ of an integer k by E If S 
is a submonoid of Q+ 0 H with quotient group G(S) = T @ H, where T c Q and H 
is a torsion group, then for each integer k 2 1 let Sk = {(x, a)~ S 1 kx E 2). 
Let 4: G(S) + T be the projection map. Then G(c$&)) = Z(a,/k) for some positive 
integer c(&. 
The following theorem completes the characterization of when R[S] has the 
2-generator property in the case that 2 is a nonunit of R (and S is a cancellative 
monoid which is not a torsion group). 
Theorem 4.2. Let R be a ring in which 2 is a nonunit. Let S be a cancellative monoid with 
4(S) c T, = TnQ+ and assume that t(G(S)) = His not contained in S. Then R[S] has 
the 2-generator property if and only if the following hold: 
(i) R is regular and each odd prime p~Supp(H) is a unit of R. 
(ii) H = Ho 0 Z/22 where each element of H,, has odd order and Ho z S. Thus we 
may identify S/Ho with a subgroup of Q 0 Z/22. 
(iii) For each k there is a positive integer a& such that Sk = {(x, CI)E 
S/H, C Q @ Z/22 1 kx E Z} is one of the following submonoids of Z(ak/k) @ (Z/22): 
(a) (((a&/k), O), @a&/k, i)), for some n 2 1. 
(b) ((ak, i), (2na,/k, 1)) for some n 2 1. 
(c) ((ak, i), ((2n + l)a,/k, O)), for some n 2 1. 
This theorem is a consequence of the following more technical theorem which 
includes a partial result in the case that 2 is a unit of R. Indeed for the necessity 
of (iHiii) write H = Ho @ H2 where Hz is the 2-component of H. Since R[G(S)] has 
the 2-generator property, Hz z Z/22 or 0 by Theorem 3.3. By the following theorem 
we have Ho z U(S), the set of invertible elements of S, and since H $ S we must 
have H2 # 0. Then S/H, is irreducible, and the rest of this theorem follows from 
Theorem 4.3. 
Theorem 4.3. Let R be a ring and let S be a cancellative monoid with 4(S) s T + = 
TnQ+ and t(G(S)) = H $S. Assume further that the 2-component Hz of H is finite. 
Then R[S] has the 2-generator property if and only if the following hold: 
(i) R is regular and each odd prime p~Supp(H) is a unit of R. 
(ii) H = Ho 0 Ha, Ho E S and S/H, E S’ @ K for S’ an irreducible submonoid of 
Q + @ 212’2 for some j 2 1. (Then K is a 2-group.) 
(iii) For each k there is a positive integer ak such that S, = {(x, cc)~S’ E 
Q@Z/2’Z(kxEZ} is one of the following submonoids of Z(a,/k) @ (Z/2jZ) with j 2 1: 
(a) (((aklk), O), (naklk I), (0,2)>,for some n 2 1. 
(b) (((adk), r), (Wadk), I), (0,2)>, for some n 2 1. 
(c) ((a,/k), i), ((2n + l)a,/k, a), (0, T)), for some n 2 1. 
(iv) Zf 2 is a nonunit of R, then Hz = Z/22. Thus j = 1 (and so (0, 2) = 0 and K = 0). 
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The first part of this section will be devoted to proving the necessity of the above 
conditions of Theorem 4.3. We will use a congruence on the semigroup S, which we 
now describe. If K is a subgroup of S we have the equivalence relation N defined on 
S by t1 - t2 if ti = tz + k for some keK. The equivalence class [t] of YES is then 
t + I(. We denote this monoid of equivalence classes by S/R, or S/ - . If K = U(S), 
the set of invertible elements of S, then U(S/ - ) = 0 [3, Theorem 4.41. The assump- 
tion 4(S) E Q+ implies that U(S) c t(G(S)). Thus if K = U(S) and a1 - u2, for 
~1, ~2 ES, then 6(ai) = &). 
Lemma 4.4. Let R be a ring and let S be a concellutive monoid with G(S) # S, 
d(S) 5 T, = TnQ+ and assume that H = t(G(S))$S. Let U = U(S), the set of inver- 
tible elements of S. If R[S] has the 2-generator property, then H/U has order at most 2. 
Proof. First we assume U(S) = 0, that is S has no nonzero invertible elements, and 
show that if H $zZ/2Z, then S contains 3 distinct elements l, s2, and s3 which have the 
same image under 4. First suppose H contains an element h of order greater than 2. 
Then h = hl - h2 where hl, hz E S with hI # h2, and s1 = hr + hZ, s2 = 2hI, s3 = 2h2 
are distinct elements of S with I = t E T +. If H contains only elements of order 2, 
then from [7, Theorem 71, G(S) = T, @ H where T1 is a subgroup of Q. Thus if 
H # Z/22, we may assume H = Z/22 @ Z/22 0 H’. Now (0, l,O, 0) = 
(ai, a2, a3, a4) - (~1, h2, a3, Q) where ri = (al, a2, a3, a-+) and t2 = (al, z2, ~3, Q) 
both belong to S E T1 @ Z/22 @ Z/22 0 H’. Also 2t, = (24,0,0,0) and tl + t2 = 
(24, l,O, 0) both belong to S. Similarly (0, 0, 1,0) = (b,, b2, b3, b4) - (b,, b2, g3, b4) 
where u1 = (b,, b2, b3, b4) and u2 = (b,, b2, G3, b4) both belong to S. Then 
s1 = 2t, + 2uI, s2 = tI + t2 + u1 + u2 and s3 = 2t, + u1 + 1.4~ are distinct elements of 
S with I = 2~1 + 2bl E T+. 
Thus if H g Z/22, we may choose distinct elements si, s2, and s3 of S with 
4(si) = t E T, for each i. Let I = (X’l, X”2, Xs3). Since R [S] has the 2-generator 
property, I = (f, g)R[S] for somef, gE R[S]. Since R[S] is positively graded by 4(S) 
we may write 
f=ft +ff, +ft, + ... + ft, and g = St + St, + gr, + . . . + al, 
where eachL and gi is a sum of the form clXZ1 + c2XZJ + ... + ckXZk, with cje R and 
(p(zj) = i for each j. 
Claim. I E (5, at), where 
ft = ulXS1 + u2XSZ + a3Xss and & = blXSl + b2XS2 + b3XS3 
with ai and biE R. To see this write X”* = F’+ Gg with F, GE R[S], and use the 
positive grading to write 
F = Fo + Fi, + ... and G=Go+Gi,+ ... 
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with ijE T+ as above. We get X”I = Ff + Gg = Fft + Gg, + F(f-ft) + G(g - gt) = 
Fof, + Gogt + (F - F01.h + F(f-ft) + (G - Go)gt + G(g - gt). Comparing degrees 
we get X”l = Fof, + Gogt. 
A similar expression is obtained for each of the other two generators for 1. Thus 
(f, dRCS1 = 1 E (5, dRCS1. T o s h ow that (f,g)R[S] = I s (f;,&)R[S] where x 
and & have the desired forms, writef, = ulXsl + u2Xs2 + ... + ujXs’, where 4(si) = t 
for each i, and write gt similarly. Let F = F. and G = Go, so that F, GE R, since 
U(S) = (0). Then the above expression becomes 
X”I = F(UlX”l + UzXSl + ... + UjX”‘) + G(v~X”’ + uzXsz + ... + u~X”). 
We obtain similar expressions for Xsz and X”‘. Therefore we may take ui = Vi = 0 if 
i # 1,2, 3. This proves the claim. 
We now have X”’ = F(ulXsl + uzXsz + u3Xs3) + G(ulXsl + vzXsl + 03Xs~) = 
(Fui + Gai)X”’ + (Fu2 + Gu2)X”* + (Fu, + Gu,)X+. In a similar fashion we get 
equations 
X”* = (Hu, + LU1)X”l + (Huz + Lv,)XSz + (Ha3 + LUJ)XS3 
and 
X”3 = (JUl + KU,)X”~ + (Juz + Ku,)X”2 + (Ju, + Lu,)X”. 
Comparing coefficients we get that a 3 by 2 matrix in R multiplied by a 2 by 3 
matrix in R gives the 3 by 3 identity matrix, a contradiction. Thus each element of 
H has order at most 2, and therefore H = (0) or Z/22. 
If U(S) # 0, let N be the equivalence relation defined in the paragraph prior to the 
statement of the lemma under discussion. Then U(S/ N ) = 0, and R[S/ N ] has the 
2-generator property. Thus by what we have shown above, the image of H in 
G(S)/U(S) has order at most 2. This concludes the proof. 0 
We record for later use the following variation of [12, Lemma 3.41. 
Lemma 4.5. Let S s Q+ 0 H be a monoid such that H = t(G(S)) is a 2-group which is 
a direct sum of cyclic groups and G(S) = T 0 H, T s Q, T # (0). If S is irreducible and 
2H E U(S) = U, then 2H = U. 
Proof. Let x E U\2H and write x = (x, + Z/2i=Z),,K where x, is odd for some a E K. 
Let I, J be the sets of indices for which x, is odd and even respectively. Since 2H G U, 
by subtracting a suitable element of 2H, we may assume that x, = 0 for each c(EJ. 
Write H = HI @ HJ where HI and HJ are the sums of the summands Z/2’*Z where 
a E I, J respectively. Since HI is a finite abelian group, we may apply the argument in 
the proof of [12, Lemma 3.41 to obtain (x) is a summand of HI and hence, by Lemma 
2.7, a summand of S, which is a contradiction. 0 
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Lemma 4.6. Let R be a commutative ring and S c Q+ @ H an irreducible monoid such 
that H = t(G(S)) is a 2-group which is a direct sum of cyclic groups, H $S and 
G(S) = T @ H, T torsion-free. If R [S] has the 2-generator property then H = Zf2’Zfor 
some j 2 0, and G(S) z T 0 Z/2jZ. Furthermore, if U(S) = 0, then j 5 1. 
Proof. We have 2H g S by Lemma 4.4. Then by Lemma 4.5,2H = U(S). Therefore by 
Lemma 4.4, H/2H E’ Z/22, and thus H = 212’2. 0 
Lemma 4.7. Let (R, M) be a quasi-local ring with M2 = 0 and S c Q+ @Z/22 an 
irreducible monoid such that (0, l)$S, and G(S) = T @ H, T torsion-free. Let 
sl, s2, s3 ES, rE R - (0) with 4(s1) I 4(s2) < 4(sJ), sg - s2$S. If r is a unit in R assume 
further that s2 - sl, s3 - sl$S. Then I = (rX”‘, X”*, Xs3) is not 2-generated in R[S]. 
Proof. Suppose the ideal I = (f, g) for somef, gER[S]. In the case 4(s1) # &), 
observe that f and g can be written as 
f = alrXSl + allrXsI+ll + ... + aljrXsl+‘~ + a2Xs* + a21Xs2+f~ 
+ . . . + azjXslff, + a3XsI + . . 
and 
g = blrXsl + bllrXS1+fl + ... + bljrXS1+‘I + b2XS2 + bzlXSZffl 
+ . . . + bzjXSz+f, + b3X”1 + . . . . 
Observe that the support off and g are contained in the ideal of S generated by 
{SI, Sz, Sj}. Let a/k = I - I. SO ti = ( rr, c(, w .) h ere 0 < ri < afk. Let K be the 
submonoid of Q + generated by { rl , r2, . . ..rj}.ThenG(K)=uZforsomeu~Q+.Let 
m E Z+ be such that mu < a/k I (m + 1)~. We may assume 
f = alrXSl + alOrXS~+(U*O) + allrXSl+(U.l) + az0rXS1+(2U30) + a21rXS1+(2U,I) 
+ . . + a,OrXSI+(mU*U) + a,lrXS~+(mu91) + a2X% + . . . , 
and similarly 
g = blrXsl + blorX S*+(U?@ + bllrXSl+(U.i) + bZOrXS1+(2U,o) + bzlrXSL+(ZU,i) 
+ . . . + bmorXSlf("U-O) + bmlrX%+(muqi) + b2xs2 + . . . . 
Note that if (iu, 0) or (iu, i)$S, then aio = biO = 0 or ai1 = biI = 0 respectively. If both 
al, bl EM then, since M2 = 0, we get rX”I$I. Since rXsl ~(f, g) we may assume a, = 1 
and b, = 0. If blo # 0, then replace g with g - bl oX(“*b)f: Continuing this process we 
may assume 
f = rXsl + a,,rXS~+(“~“) + a,,rXSl+(U.O + a20rXsI+(2~.0) + a21rXs,+(2t4.i) 
+ . . . + amOrXSL+(mU3Q + a,lrxSl+(mU.i) + a2xs2 + . . . 
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and 
g = b2X”Z + . . . , 
Since either sz - ~1 #S or r E M, b2$M. (If bz EM then X%$(f, g).) AS before, we may 
assume % = 0 and bz = 1. Now if r E M then X+$(f, g) since sJ - sz$S. If r$M, then 
s3 - ~1, s3 - sz$S and again X’s$(L g). 
The case +(si) = #(st) is similar. In this case we let a/k = #(s3) - cp(s,), and write 
f and g as 
f = alyXsl + a2Xs2 + alOyXs~+(~.Q + al,rXsl+(u.r) + a20r.X~,+(2~,G) 
+ a21yXs1+(2uVi) + . + amOrX~L+(mu.O) + a,lYXS,+(mu,i) + . . . . 
and similarly 
g = birX”l + b2XS2 + blorXSl+@‘,@ + bllrXS1+(U9r) + b20TXS1+(2U.r)) 
+ b,,rX S, + (214, i) + . . . + bmOYXsi +(mu.@ + b,tlrXS1+(mu,i) + .__ . 
A reduction similar to the one above again gives 
f= yXsl + a2Xsz+(u,@ + ,10rXs~+(u9~) + allrXsI+(u,i) + a20rx~,+(2~,0) 
+ a21rxs1+(2u,i) + . . . + a,or~~l +wbm + a,lr~~l +m, i) + . . . , 
g=xsz+ . ..) 
and XV(f, g). 0 
Lemma 4.8. Let R be a ring and S a submonoid of Q+ @ Z/22 with quotient group 
G(S) = T 0 Z/22, where T E Q, T # (0). For each integer k 2 1 let 
Sk = {(x, c()ES 1 kxE Z}. Let 4: G(S) + Q be the projection map, and let a,.kEQ+ be 
such that G(q$StJ) = Z(a+Jk). If R[S] has the 2-generator property then Sk contains 
(2a,/k, d) and (naJk, a) for all large n E Z + and for all a E H. 
Proof. By reducing modulo a maximal ideal of R we may assume that R is a field. 
First assume that (2a,/k, 0)&S. We write a for ak. If (0, i)E S, then Sk = T1 0 ((0,i)) 
for some torsion-free submonoid T1 of S by Lemma 2.7, and hence by Theorem 3.8 
(2a/k, 0) E Sk. Thus (0, i)$S. Since (u/k, 0) E G(S,), we have (na/k, 01) ((n + l)a/k, a) E S 
for some n 2 2 and M E H. Then 
s1 = 2(na/k, ~1) = (2na/k, fi), 
s2 = (na/k, a) + ((n + l)a/k, c() = ((2n + l)a/k, I$>, 
and 
s3 = 2((n + l)a/k, a) = ((2n + 2)a/k, 0) 
are contained in Sk, and satisfy the hypothesis of Lemma 4.7, and thus by Lemma 4.7, 
I = (Xsl, Xsz, Xs3) is not 2-generated, a contradiction. Thus (2(u/k), 0) E Sk. 
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To show Sk contains (na/k, ct) for all large n and for all CI E H first observe that since 
G(c$($)) = Z(a/k) there exists meZ + so that mu/k, (m + l)a/k E c$(S,). Thus there 
exists No such that na/k E 4(S,) for all n 2 No. Therefore there exists CI, E Z/22 so that 
@a/k, a,) E Sk for all n 2 No. But (0, i) E G(S) implies there exists i,j~ Z, such that 
(0, i) = (i/j, i) - (i/j, 0) for (i/j, i), (i/j, 0)~ S. So uj(i/j, 0) = (ai,@ and (uj - l)(i/j, 0) + 
(i/j, i) = (ai, i)E S. So (ika/k, 0) and (iku/k, i)ES. Thus (nu/k, C()E Sk for all cr~Z/2Z 
and for all n 2 IV,, + ik. 0 
We can now complete the proof that the conditions (i)-(iv) in Theorem 4.3 are 
necessary. Write H = Ho @ Hz where H2 is the 2-component of H and Ho is the sum 
of the p-components for p odd [7, Theorem 11. By Lemma 4.4 we have 
Ho = 2Ho g U c S. Since H g S we must have H, # 0. In particular, if 2 is a nonunit 
of R, then since R[G(S)] has the 2-generator property, Hz E Z/22 by Theorem 3.3. 
Then S/H,, is irreducible in this case, and thus (iv) holds. 
In the general case, since H2 has bounded order G(S/H,) = T 0 Hz. where T is 
isomorphic to a subgroup of Q [7, Theorem 71. Write S/H, = S’ 0 K where S’ is an 
irreducible semigroup and K is a 2-group. Since R[S’] has the 2-generator property, 
for the rest of the necessity part of the proof we may change notation and assume 
S = S’. Then by Lemma 4.6 we have that H = Z/2jZ. Thus (ii) is satisfied. 
For showing (iii) we may, by reducing modulo a maximal ideal of R, assume that R is 
a field. Since U(S) = 0 0 2H by Lemma 4.5, the equivalence relation - on S is the 
same as the equivalence relation obtained from the mapf: S + Q + 0 Zj2Z defined by 
f(x, a) = (x, a + 2H), and we identify S/ - with a submonoid of Q+ 0 Z/22. Further, if 
Sl - E Q then S c Q+ @ 2H, contradicting G(S) = T 0 H. Thus G(S/ - ) = T @ Z/2Z. 
If we knew that S/ N satisfied the conditions listed in (iii) of Theorem 4.3 withj = 1 
then it would follow that S satisfies the conditions listed in (iii). Thus we are reduced to 
the case j = 1. We now consider this case. 
By Lemma 4.8, (2u/k, 0) ES,. If (u/k, 0)~ Sk, then Sk = Tk @ Z/22 or 
((u/k, o), (nu/k, 1)) for some n > 0, and the first monoid is ruled out by the assump- 
tion that S does not contain H. Thus if (u/k, 0) E Sk, we are done. Assume (u/k, 0) E Sk. 
We claim that in this case (u/k, f)E&. This would complete the proof of (iii). 
Indeed if (u/k, 7) E Sk then ((u/k, 7)) = ((2mu/k, o), ((2m + l)u/k, i) ) m E Z,} E Sk. 
But Sk # ((u/k, 1)) since G(S,) = Tk 0 Z/22. Indeed we have shown above that 
Sk contains (nu/k, a) for all large n and for all NE H. If either (2m(a/k), i) or 
((2m + l)(u/k), @ES,, then Sk is of the form ((u/k, i), (%ma/k, i)) or ((u/k, i), 
((2m + l)u/k, 0)) respectively. 
To show that (u/k, i)ES, let neZ+ be minimal such that (nu/k, i)E&. Such an 
n exists by Lemma 4.8 since G(S,) = Tk 0 Z/22. If (0, i) E Sk, then H s Sk, a contra- 
diction. Therefore n 2 1. 
Case I: n is even. By Lemma 4.8 there is a smallest positive integer m such that 
(2ma/k, i) and ((2m + l)u/k, 0) E Sk. Let s1 = (2ma/k, o), s2 = (2ma/k, i), and 
.s3 = ((2m + l)u/k, 0). Then the ideal Z = (Xsl, Xsz, Xs3) is not 2-generated by 
Lemma 4.7. 
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Case II: n is odd and n 2 3. Then (as above) the ideal (X(2mo'k,0), X(Zma'k.i), 
X((2m+1)a’k,i)) is not 2-generated where m is the smallest positive integer such that the 
exponents belong to S, a contradiction. 
Next we show (i). That each odd prime p~Supp(H) is a unit of R follows from 
Theorem 3.3. Since R[S/ N ] has the 2-generator property and U(S/ N ) = 0, we may 
reduce to the case that S c Q+ @ Zj2Z and U(S) = 0. After localizing at a maximal 
ideal of R it suffices to show that if (R, M) is quasi-local, then R is a field. Since 
R[G(S)] has the 2-generator property, we get M2 = 0 by Theorem 3.3. In the case 
Sk = ((a/k, 7) (2na/k, i)), suppose M # (0). Let YE M\(O). By Lemma 4.7 the ideal 
I = (rX (2na/k, 0) x(2na/k, i) x((2n+ l)n/k, i) ) is not 2-generated. The cases Sk = (((a/k), t$, 
(na/k, 1,) and Sk = (((u/b, i), ((2n + l)u/k, 0)) are similar. 
For the sufficiency of (i)-(iv) in Theorem 4.3, we have H = H2 0 Ho where H2 
is a finite 2-group and the elements of Ho have odd order. Since S/H, = S’ 0 K, 
and G(S)/H, = G(S/H,) = G(S’ 0 K) = G(S’) 0 K = T 0 W @ K, where W is a 
subgroup of G(S) isomorphic to Z/2jZ for some j 2 1, then taking torsion sub- 
groups t(G(S)/H,) = t(G(S’) 0 K), we get H2 = W 0 K. Since S’ is a directed 
union of finitely generated submonoids Sk of Q+ 0 Z/2’Z, of the types listed 
in (iii), S’ 0 K = S/H,, is a directed union of the submonoids Sk 0 K. Thus S is a 
directed union of a family {Sk )k E Z,} of submonoids of S, each containing Ho @ K, 
and such that G(S,) contains H = W @ K 0 Ho. Then since G(Sk)/H is finitely 
generated and torsion-free, we have G(S,) = Tk OH = Tk 0 W @ K 0 Ho for 
each k, where Tk z G(S,)/H. Since K 0 Ho C Sk, we then get by Lemma 2.7 
Sk = ((Tk @ W)nSk)@K @ Ho for each k. It fOllOWS that ((Tk@ w)nS,) g 
S,/(K @ H,) = Sk. Th us R[Sk] E R[K 0 H,] [Sk], and R[K 0 H,] is regular 
by [8, Theorem 3.1.61. 
Thus for the sufficiency of the conditions (i)-(iv), it suffices to show that these 
conditions imply that R[K @ H,] [&!?k] has the 2-generator property for each k since 
R[S] is a directed union of these rings. Since R[K 0 H,] is a regular ring it follows 
from the comments just prior to Lemma 2.4 that R[K 0 H,] is stably coherent, and 
thus R [K @ H,] [Sk] is coherent by Lemma 2.4. Thus it suffices by Lemma 2.3 to 
show that (R[K @ H,][&]), has the 2-generator property for each maximal ideal 
M of R [K @ H,] [Sk] and that (R[K 0 H,,] [&])p has the l-generator property for 
each minimal prime ideal P of R [K 0 H,] [Sk]. Since either of these localizations is 
a localization of R[K 0 Ho]m[$k] for some prime ideal m of R[K 0 H,], 
and R[K @ H,] is regular, we may replace R[K 0 Ho] with a field. F. But 
then the conditions (i)-(iv) imply that F[Sk] has the 2-generator property by 
the Noetherian case of this Theorem [12, Theorem 3.11. Thus if P is a minimal 
prime ideal of F[Sk], F[Sk]p has the l-generator property by the proof of [12, 
Lemma 1.41. 0 
Corollary 4.9. Let R be a quasi-semi-local ring and let S be a cuncellutive monoid with 
4(S) E T, = TnQ+ and H$S where H = t(G(S)). If 2 is a unit of R assume further 
that the 2-component H2 of H isjinite. Then R[S] has the 2-generator property if and 
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only if there is a family {S, 11 E A} f o su b monoids of S such that R[S,] is Noetherian 
with the 2-generator property for each 1 E A. 
Proof. It follows from Theorems 4.2 and 4.3 and their proofs that there exists an integer 
j > 0 such that R[S] is a direct limit of rings R[K] [S,] = R[S,, @ K], where K 
is a torsion group, S,, is isomorphic to a certain submonoid of Z 0 212’2, 
and R [S, 0 K] has the 2-generator property. It then follows from Theorems 4.2 and 
4.3 that R[S,, @ K] has the 2-generator property for each finite subgroup K of H. 
Thus using Lemma 3.2, we see that R [S] is a direct limit of rings R [S, @ K] which are 
Noetherian, and have the 2-generator property. 0 
5. Additional remarks on the case t(G(S)) $ S 
One reason for the assumption that Hz is finite in Theorem 4.3 was to insure that 
S/H,, could be written as S/H, = S’ 0 K where K is a torsion group and S’ is 
irreducible. If we assume to begin with that S/H, is irreducible, then we get the same 
characterization if we weaken the assumption that Hz is finite to the assumption that 
H2 has bounded order. In fact we have: 
Proposition 5.1. Let R be a ring and S a cancellative monoid with 4(S) E T, = TnQ, 
and HgG(S) where H = t(G(S)). Zf R[S] has the 2-generator property and S/H, is 
irreducible, the following properties of S are equivalent: 
(i) H2 E Z/2jZ for some j 2 1. 
(ii) Hz is$nite. 
(iii) H2 is of bounded order. 
(iv) H2 is a direct sum of cyclic groups and G(S/H,) = T @ Hz. 
(v) U(S) = 2H and G(S/H,) = T @ Hz. 
Proof. It is clear that (i) * (ii) *(iii). For (iii) *(iv), observe that if the subgroup 
H2 has bounded order it is a direct sum of cyclic subgroups and G(S/H,) = T 0 Hz 
by [7, Theorems 6 and S]. For (iv)*(v) observe that by Lemma 4.4 we have 
H/U(S) g Z/22. In particular HO 0 2Hz E U(S). Applying Lemma 4.5 to S/H,, we get 
U(S) = HO @ 2H2 = 2H. 
To show (v) j(i) first observe that Hz is reduced. Indeed if Hz is not reduced 
G(S/H,) z Z(2”) 0 K. Since 2H, E S/H,, we have Z(2m) c S/H,, which by Lemma 
2.7 contradicts S/H, being irreducible. Now since H2 is reduced, if H2 # 212’2, then 
by [7, Theorem 93, Hz = Z/2jZ 0 Z/2’Z 0 H’. Let K = Z/2jZ @ Z/2’Z @ 0. Then 
K/2K z Z/22 0 Z/22. Since 2HznK = 2K, we have an injection K/2K -+ Hz/2H2. 
But H2/2H2 = H/2H = H/U(S) E Z/22 by Lemma 4.4. This is a contradiction. Thus 
H2 = 212’2. q 
The following theorem is now immediate from Proposition 5.1 and Theorem 4.3. 
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Theorem 5.2. Let R be a ring and let S be a cancellative irreducible monoid with 
4(S) c T+ = TnQ+ and assume that H = t(G(S)) is not contained in S. If S/H, is 
irreducible and Hz satisfies any of the conditions of the above theorem then R [IS] has the 
2-generator property if and only if the following hold: 
(i) R is regular and each odd prime p E S upp(H) is a unit of R. 
(ii) H2 = 212’2 and G(S/H,) E Q+ 0 212’2 for some j 2 1. 
(iii) For each k there is a positive integer ak such that Sk = 
{(x, B) E S/H, c Q 0 Z/2jZ 1 kx E Z} is one of the following submonoids of 
Z(a,/k) 0 (Z/2’Z) with j 2 1. 
(a) <((a&), o), (na&, I), (0, ?)>,for some II r 1. 
(W <(@.dk), IX P&/k), 71, (0, gILfor some n 2 1. 
(c) (((a& i), ((2n + l)a,/k, o), (0,2)), for some n 2 1. 
(iv) If 2 is a nonunit of R, then j = 1 (and so (0, 2) = 0). 
6. Torsion-free modules over monoid rings with the 2-generaror property 
In this final section we give a result which shows that if R[S] is one of the 
semigroup rings considered in this paper which has the 2-generator property, then 
certain finitely genrated torsion-free R [S]-modules A have the property that for each 
finite set {PI, . . . ,Pr> of maximal ideals of R, and E = R\(P,u ... uPi), the R,[S]- 
module AE is isomorphic to a direct sum of ideals. This question is considered in the 
case that S is a torsion group in [15]. To simplify the statement of the following 
theorem we assume that R has only finitely many maximal ideals. 
Theorem 6.1. Let R [S] be a monoid ring which has the 2-generator property where S is 
a cancellative abelian monoid which is not a torsion group, and R has onlyjinitely many 
maximal ideals. If H = t(G(S)) $ S and 2 is a unit in R, assume further that the 2-primary 
component Hz of H isjinite. Let A be ajinitely generated torsion-free R[S]-module such 
that T gRLS1 A is a free T-module of rank n, where T is the total quotient ring of R[S]. 
Then there is a unique sequence of overrings R[S] g R1 E R2 s ... E R, of R[S] and 
an invertible ideal I of R, such that A E R1 @ Rz Q ... @ R,_1 @ I. 
Proof. By Corollaries 3.4, 3.10 and 4.9 there is a family {S, 1 i~/l) of submonoids of 
S such that R[S,] is Noetherian with the 2-generator property for each LEA Let 
x1, ... , X,E A generate A over R[S], and let (y,, . . . , yn} c A be such that 
(YllL ..’ ,Ynll) is a basis for T eRrSI A over T. For each i, j let 
yi = f rijxj, xj = i !I!.!! 5, 
j=l i=l Vij 1 
with Uij, Uij, VijE R[S], and the Uij regular in R [S], and let 
L = {rij,Uij, Vij)i = 1, . . . ,n,j = 1, . . . ,m}. 
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If 1 E A is such that L G R [S,] and An is the R [SJ-submodule of A defined as 
AA. = 5 RCS,lxj, 
j=l 
then AA is a finitely generated torsion-free module over R[S,], and AA becomes free 
when we tensor with the total quotient ring of R[S,]. 
Now since R[S,] is a Noetherian Cohen-Macaulay ring with the 2-generator 
property, and each maximal ideal of R[S,] has height one, it follows from [14, 
Theorem 4.31 that there is a unique sequence of overrings 
R[S,] E RI1 G Ri2 G ... E R,,, 
of R[S,] and an invertible ideal In of R1,, such that 
In order to write this as an internal direct sum, let f: RA1 0 R12 
0 ... @ R1,_ 1 0 I2 + Al be the isomorphism. Let C be the set of regular elements of 
R[S,]. Then localizing we have an isomorphism fc: T(R[S,])‘“‘+(A,), where 
T(R [S,]) = R [S,&, the total quotient ring of R [S,]. Let el , . . . , e, be the canonical 
basis of T(R [S,])(” and let Wi =fc(ei) for each i. Then we have 
An = Rniwi 0 RAzwz 0 ... 0 &,-I w,- 10 JAW,, 
where Jn 2 II is a submodule of Ai. Thus with Ri = R[S] Rni we have 
A = R[S]A* = Rlwl 0 Rzwz 0 ... 0 R,_lw,_l @ R,J2w,. 
That the equalities hold is clear, and the sum is direct since this sum is direct when we 
pass to the total quotient ring. 
The uniqueness follows by observing that any such direct sum decomposition of 
A is induced by a similar direct sum decomposition on Al for suitable A.. Indeed, given 
a second direct sum decomposition 
A = B,w; 0 B2w; 0 ... 0 B,-lw:_l 0 VW:, 
where R[S] E B1 c B2 c ... G B, is a sequence of overrings of R[S] and I/ is an 
invertible ideal of B,, the Bi and I/ are finitely generated modules over R [S] since A is. 
Let Bi be generated over R[S] by 1 and {aij/Pij lj = 1, . . . , N} and let 
{ri/Pili = 1, ... , M} generate I/’ over R[S] where the aij, pij, yi, pie R[S] with the 
bij, fii regular. Choose an index Ai E A such that R[S,,] contains R [S,], the supports 
of all of the CL’S /?‘s and y’s, and the supports of all of the coefficients in R[S] which 
occur when we write: 
the 3 w! and E w; in terms of the xi, 
Bii Pi 
(1) 
the xi in terms of the 2 w! and z w’ 
Bij’ Pin’ 
(2) 
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the i in terms of the 2, 
the products s ?Jz in terms of the 3 
Pij, Pij, Pij’ 
and 
the products 3 E in terms of the E 
Pnj Pi Pi’ 
21.5 
(3) 
(4) 
(5) 
then, from (3), (4) and (5), we see that 
N 
is a ring containing RISA1] as a subring for each i, and 
M 
V& = j;l B&n 2 
is an ideal of B+. Let An, = Cy= 1 R[Sk,]xj. Then from (1) and (2), we see that 
&, = RCSn,l&. = BA~IWI 0 BL,ZWZ 0 ... 0 BL,,,-own-I 0 Bn,,v~,. 
Further, since RISAI] contains the supports of all of the ai], bij, yi and pi, it follows 
that RISAI] and the rings Bl,i all have the same total quotient ring. We get a similar 
decomposition of AA, = R [S,,] An by extending the previous decomposition of AA. 
The uniqueness then follows from the uniqueness in the Noetherian case [14, The- 
orem 4.31. 0 
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